Pinning of vortices by obstacles plays an important role in various systems. In the heart, anatomical reentry is created when a vortex, also known as the spiral wave, is pinned to an anatomical obstacle, leading to a class of physiologically very important arrhythmias. Previous analyses of its dynamics and instability provide fine estimates in some special circumstances, such as large obstacles or weak excitabilities. Here, to expand theoretical analyses to all circumstances, we propose a general theory whose results quantitatively agree with direct numerical simulations. In particular, when obstacles are small and pinned spiral waves are destabilized, an accurate explanation of the instability in two-dimensional media is provided by the usage of a mapping rule and dimension reduction. The implications of our results are to better understand the mechanism of arrhythmia and thus improve its early prevention.
I. INTRODUCTION
Spiral waves, also known as vortices, are observed in chemical media [1] [2] [3] [4] [5] and biological systems [6] [7] [8] and also play a critical role in heart diseases [9] [10] [11] [12] [13] [14] [15] , e.g., arrhythmia [16] . In this symptom, spirals tend to be pinned to inherent obstacles [17] [18] [19] [20] [21] , such as complex anatomical structures, blood vessels, and even tissue damage [22] . Thus the rotation of a spiral wave around an obstacle is repeatedly found in both simulations [23] [24] [25] and experiments [26, 27] . During these scenarios, spirals rotate around different-sized obstacles at corresponding periods. As obstacles shrink to some minimum, pinned spirals are destabilized and detached from obstacles [28, 29] . Thus, theoretical analysis of their dynamics and instability is a fundamental question and has attracted much attention.
The kinematics of a spiral wave in a two-dimensional medium is much more complicated than the motion of an impulse in the one-dimensional case. One important reason for this is that the normal propagation velocity C n of the excited region boundary depends on the interface curvature K as well as on the inhibitor value near the moving interface [30] . Tyson and Keener [31] adopted a linear form of the eikonal relation and got its approximate solution of the pinned spiral as their Eq. (22) ; however, the eikonal relation in the full parameter space is actually nonlinear. Adopting its linear form requires very small ratios of recovery rate to excitation rate [32] and very large periods of waves [33] . In Tyson and Keener's Eq. (22) , any dependence of the rotation period of pinned spirals T on the kinetics of models and excitability of the medium is through the dispersion relation for one-dimensional periodic waves; however, in applying the dispersion relation, they assumed a constant controller level along the wave front v f . This assumption is valid only when the obstacle radius r 0 is large enough at the given excitability. However, the * Corresponding author: hongzhang@zju.edu.cn limitation of large r 0 is often violated in clinical treatment. For example, lidocaine is an antiarrhythmic agent commonly used to treat ventricular tachycardia. It lowers the excitability of heart, makes the obstacle not large enough at weaker excitability, and thus detaches the pinned spiral from the obstacle [34, 35] .
Hakim and Karma [36] also analyzed a solution to the linear eikonal relation of the pinned spiral in the weak excitability. They still assumed a constant v f that is only valid at large r 0 . Recently, Loeber and Engel [37] proposed an improved theory compared to Tyson and Keener's, but they also adopted the linear eikonal relation and the constant v f assumption, which would limit their applications.
Despite so many theories attempting to study the dynamics of the spiral wave rotating around an obstacle, its instability is also broadly interesting. In other words, the question of common interest is how small an obstacle could be before the pinned spiral is destabilized and detached from it. The pioneers' theories have an instability inherited from the dispersion relation, since the rotation period of pinned spirals T cannot be below a minimum where no periodic wave can exist [38] , but they provide only acceptable estimates of the instability of pinned spirals. Another answer to this question is the concept of critical curvature [39] [40] [41] ; however, as Refs. [39, 41, 42] stressed, this consideration provides a good estimate only in limited circumstances.
So far, the pioneers' theories to answer this fundamental question about the dynamics and instability of the pinned spiral have focused on some special circumstances such as large obstacles or weak excitabilities. Thus, a critical outstanding problem is a general theory that is also workable in many other interesting and important cases for both theoretical research and practical applications. In this paper we adopt a nonlinear form of eikonal relation [43] , consider a variant v f along the wave front, and propose a general theory that is independent of special models. The theoretical results about the dynamics and instability fit the numerical simulation quantitatively, under all circumstances of obstacle sizes and excitabilities.
II. NUMERICAL SIMULATIONS
The dynamics and instability of the spiral wave rotating around an obstacle are studied in a two-component reaction diffusion system, with the FitzHugh-Nagumo model [44, 45] . The FitzHugh-Nagumo model is a simplified version of the famous Hodgkin-Huxley model and a popular, generic, and dimensionless model also used by the pioneers' theories [36, 37] . The equations used in our numerical simulations are
where u and v are the propagator and controller variables, respectively, and D is the diffusion coefficient and chosen as unity without loss of generality. The excitability can be described by two parameters. One is [46] . The other is suggested to be 0 [47, 48] , which is equal to the difference between the controller levels at the stall value and at the rest state. In our chosen model, 0 is determined by the parameter δ as 0 = δ 3 − 3δ. In the numerical simulations of Eqs. (1) and (2), we use the explicit Euler method and the finite-difference method in the polar coordinates. No-flux boundary conditions (BCs) are applied for the diffusion term of u in Eq. (1) at both obstacle and medium boundaries. The initial condition to form a pinned spiral is by assigning the values of u and v of a plane wave onto the ring medium. Then this plane-wave initiation in the ring medium starts to propagate counterclockwise along the angular direction.
The radius of the obstacle starts from r 0 = 80. The radius of the ring medium is fixed at R = 120, which is large enough to avoid its effect on the dynamics and instability of pinned spirals. The spatial steps in the polar coordinates are ρ = 0.1 and θ = 2π/[2π (r 0 + R)/2 ρ] ≈ 9.9987 × 10 −4 . Thus, in the radial direction, the grid number at the obstacle boundary is N 1 = 800 and the grid number at the ring medium boundary is N 2 = 1200. The total grid number along the radial direction is N = N 2 − N 1 = 400. Along the angular direction, the total grid number is M = 2π/ θ = 6284. The time step is t = 0.0002. After the plane-wave initiation and the transient process of the first three circulations of the pinned spiral, the rotation period T for r 0 = 80 is measured as the average of periods for another three circulations.
To minimize the perturbation of the shrinking obstacle to the stability of the pinned spiral and to make sure that detachment is caused only by the small r 0 and not by the perturbation, a careful method of shrinking the obstacle is adopted as follows. The grid number at the obstacle boundary N 1 remains constant, while ρ is multiplied by a scale factor 0.99. This would make the radius of the obstacle boundary shrink to be r 0 = 0.99 ρN 1 = 0.99r 0 . By keeping N , M, and θ constant, the values of u and v remain as the state of the pinned spiral; however, it is pinned to a smaller obstacle due to the nonuniform scaling. To avoid the effect of the ring medium boundary on the pinned spiral, its radius can be maintained at 120 by adding extra grids outside the original ring medium. The extra grids have N × M points, where N = 120/(0.99 ρ) − N 2 . The values of u and v in the extra grids can be assigned to be the rest state, without any disturbance on the critical obstacle boundary for the pinned spiral. According to the stability requirement, t needs to be multiplied by 0.99 2 . Repeating the above shrinking method, one can get the accurate dynamics of pinned spirals at a geometric sequence of obstacle radius, until the instability of pinned spirals due to small r 0 .
A weak excitability of = 0.013 and 0 = 0.704 (i.e., δ = −1.60) is chosen as our first example, since it is supposed to be also applicable to the pioneers' theories. In Fig. 1(a) , a typical pattern in numerical simulations shows a spiral wave rotating counterclockwise around an obstacle of size r 0 . The pinned spiral is near the instable point where the detachment happens, after a careful procedure of gradually shrinking r 0 . To determine whether or not v f is constant, a natural coordinate s along the wave front is established, as illustrated in Fig. 1 (a) as a green directional dashed line. Then we check the value of v f from s = 0 to 220 above and find that v f changes nearly 10%. This proves that v f is not constant but varies when r 0 is small. From the numerical simulation results, we also confirm that the curvature K at the obstacle boundary (s = 0) is the largest in the wave front and the normal velocity C n (s = 0) is slowest, as illustrated in Figs. 1(c) and 1(d) as the blue solid line.
To describe the dynamics of pinned spirals, one of the important profiles is the relationship between its rotation period T and the obstacle radius r 0 [31, 36, 37] . In numerical simulations, we measure the accurate value of T at dense data points of different r 0 and show it as the black solid line in Fig. 2 . Note that the pinned spiral would be destabilized and detached from the obstacle when r 0 shrinks below 13.589.
III. THEORETICAL ANALYSIS
To analyze theoretically the dynamics of the pinned spiral, we combine a nonlinear form of eikonal relation with kinematic equations as follow. The pinned spiral is governed by the eikonal relation, which describes the dependence of the normal velocity C n (s) on the curvature K(s) for each segment on the wave front at the natural coordinate s. To remove limitations by its linear form and make it applicable to all circumstances of pinned spirals, we adopt a nonlinear form of eikonal relation [43] as
where
and C p (T , ) is the dispersion relation that gives the plane-wave velocity C p under given T and . Its value can be calculated by Winfree's method [46] . Although Eqs. (3)- (5) were derived for periodic target waves in Ref. [43] , their applicability to a pinned spiral is confirmed by comparing their theoretical results with the numerical simulation results in Fig. 1(d) .
By substituting the rotation period T and the curvature K(s) obtained from the numerical simulations into Eqs. (3)- (5) C p (T , ), the roots are the C n (s) given by the nonlinear eikonal relation, which are illustrated in Fig. 1(d) as open cyan diamonds. These roots only deviate slightly from the numerical simulation results near the obstacle boundary s → 0 where the curvature K(s) is large. The advantages of the nonlinear eikonal relation we adopt are no prerequisites of large T and small , the independence of any special models, and the applicability to all circumstances of excitabilities.
In addition, since the spiral wave is rigidly rotating around the obstacle, the wave front is sufficient to describe the entire pinned spiral alone. For each segment on the wave front at the natural coordinate s, its normal velocity C n (s), tangential velocity C τ (s), and curvature K(s) obey the kinematic equations [49, 50] 
The deduction of these two equations is based on the kinematics of any rigidly rotating wave front [30] . Thus, they are model independent and applicable to all circumstances of pinned spirals.
The dynamics of the wave front is governed not only by Eqs. (3)- (7) but also by two no-flux BCs at both the obstacle and ring medium boundary. However, the ring medium boundary is large enough to avoid its effect on the dynamics and instability of pinned spirals. Thus, the no-flux BCs at the ring medium boundary could be replaced by the asymptotic solution of an unbounded spiral at s → ∞ [30] . Thus, these equations are essentially a boundary-value problem.
To solve this boundary-value problem of Eqs. (3)- (7), we adapt a shooting method [51] as follow. With the given r 0 and , we start with an arbitrarily chosen value of C n (0), hence T = 2πr 0 /C n (0). Then we simultaneously solve Eqs. Ref. [36] Ref. [37] Since we get C n ( s), C τ ( s), and K( s), the next integration may continue, until the ring medium boundary. As mentioned above, the no-flux BC at r = R could be replaced as the asymptotic solution of an unbounded spiral for s → ∞, which could be expressed as C n (s → ∞) = C p (T , ) and C τ (s → ∞) → ∞ since K(s → ∞) → 0. In this process, the initially guessed C n (0) would be rectified to its exact solution to meet these boundary conditions. This means that, using this shooting method, we can get T , K(s), and C n (s) for all s under the given r 0 and . We illustrate the theoretical results of K(s) and C n (s), respectively, in Figs. 1(c) and 1(d) as open cyan circles and demonstrate that they fit the numerical results well.
Hence, using this theory that is workable under all circumstances and independent of special models, we get the result of the r 0 − T relationship as shown in Fig. 2 as the cyan open circles and find that it quantitatively fits the numerical simulation at any r 0 . To compare with the pioneers' theories, we adapt their equations to the same format in this work based on the transformation rule made by Winfree [46] . Equation (22) 
where m * = 0.330958 and α * = 0.097. Equation (44) in Hakim and Karma's Ref. [36] becomes
where a 1 = −1.01879. Equation (80) in Loeber and Engel's Ref. [37] becomes
Within Eqs. (8)- (10), C p is also the dispersion relation C p (T , ). Thus, these equations are implicit functions of T , with r 0 and their variable and parameter, respectively. Their results of the r 0 − T relationship are also shown in Fig. 2 . Note that the pioneers' results deviate from the numerical simulation as r 0 shrinks.
The reason why our result maintains its accuracy at small r 0 while those of the pioneers do not is because our theory implicitly considers the fact that v f is not constant but varies. In Eq. (3), the dispersion relation is expressed as C p = C p (T (s), (s)). It can also be expressed as C p (v f ) [52] . This means that v f can be viewed as a function of s (4) and (5), T (s) and (s) depend on K(s), and K(s) varies with the natural coordinate s along the wave front. Thus, v f would vary with s.
Besides the dynamics, our theoretical results about the instability of the pinned spiral also fit the results of simulation quantitatively, as shown in Fig. 2 . The detailed analysis is presented as follow. The nonlinear eikonal relation in Eq. (3) needs the dispersion relation to evaluate the term C p (T (s), (s)). As shown in Fig. 3 , the dispersion relation C p (T , ) obtained from Winfree's method [46] (gradient green surface) has an unstable boundary (red dashed line). Beyond this unstable boundary, no stable one-dimensional periodic wave exists at too small T [38] or too large [46] . In our theory, shrinking the obstacle size r 0 makes K(s) larger and thus makes T (s) in Eq. (4) smaller and (s) in Eq. (5) larger. Finally, this drives C p (T (s), (s)) to approach the unstable boundary and includes its instability in the solution of the pinned spiral.
Furthermore, K(s) at the obstacle boundary s = 0 is the largest along the wave front at given r 0 , thus T (s = 0) is the smallest and (s = 0) is the largest. This means that C p (T (s), (s)) at s = 0 is always the first to reach the unstable boundary of the dispersion relation. Therefore, we just need to consider its stability when r 0 shrinks. This is done by In other words, the instability of the two-dimensional pinned spiral at given T and is associated with the instability of the dispersion relation of one-dimensional periodic waves at T and , by a mapping rule defined in Eqs. (4) and (5). This can be viewed as a dimension reduction. However, the pioneers had no mapping rule. Taking Tyson and Keener's theory, for instance, shrinking r 0 gives a decreased T . By plotting their results of C p (T , ) in Fig. 3 at the coordinates of T and as the blue closed circles, these circles would also reach the unstable boundary as r 0 shrinks. However, the values of T and obtained for the instability of a two-dimensional pinned spiral are the same values as for an unstable one-dimensional periodic wave. This means that they borrowed the instability directly from one-dimensional periodic waves in two-dimensional pinned spirals without considering the difference between them. The same procedure applies to Loeber and Engel's theory, but Hakim and Karma's results diverge before meeting the unstable boundary of the dispersion relation. Thus, the results of [31, 36, 37] fail to anticipate a precise minimum r 0 before unpinning happens, as shown in Fig. 2 .
To prove that our theory is valid at any excitability and obstacle size, we exemplify two other excitabilities, i.e., = 0.445 and 0 = 1.7429 (i.e., δ = −1.28) and = 0.013 and 0 = 1.9997 (i.e., δ = −1.01) as shown in Figs. 4(a)  and 4(b) , respectively. For both examples, our theoretical results about the dynamics and instability also fit the numerical simulation quantitatively. Note that the second example is a high excitability, for which no detachment in numerical simulations has been found at r 0 0.01. Further shrinking r 0 requires too much computational time. So far, we have demonstrated our theoretical results at three excitabilities and their corresponding various obstacle sizes. The three examples are randomly chosen from each corner of a trianglelike basin of spirals, as shown in Fig. 1 of Ref. [36] . The basin of spirals could also be the basin of pinned spirals, if sufficiently large obstacles are provided. Thus, the three examples demonstrate that our theoretical results about the dynamics and instability of pinned spirals fit numerical simulations in a reasonable random sampling from all circumstances.
Furthermore, Fig. 4(c) compares the results obtained by numerical simulations, our theory, and the pioneers' theories about the minimal obstacle radius r 
IV. DISCUSSION
It is worth mentioning that our theoretical results deviate slightly from numerical simulations when r 0 approaches the minimal obstacle radius r min 0 . This is because smaller r 0 makes the curvature K(s) larger. The nonlinear eikonal relation we adopt uses a finite renormalization technique and thus requires a relatively small curvature K(s) [33, 43] . However, as shown in Figs. 1(c) , the curvature is no larger than 0.1 even when r 0 is nearly small enough to induce the detachment. This fact justifies the applicability of the nonlinear eikonal relation and thus our theory of the dynamics and instability of pinned spirals. In addition, our theory and the pioneers' theories just consider an isotropic excitable medium, which is common for theoretical analyses. For more complicated cases, such as the anisotropic medium [53] , further investigation is needed.
V. CONCLUSION
To summarize, we abandon the limitations of large obstacles or weak excitabilities adopted by the pioneers and propose a general theory for the dynamics and instability of pinned spirals. In particular, the destabilization is better understood by the implementation of a mapping rule and dimension reduction. This theoretical method to analyze the instability may shed light on other nonlinear problem. Our theoretical results quantitatively fit the numerical simulation under all circumstances. Finally, we emphasize that the FitzHugh-Nagumo model is too simple for simulating actual cardiac systems. In order to give useful instruction for practical applicability in real cardiac tissues, further investigation taking into account more realistic cardiac activities is needed.
